In this paper we characterize the output feedback stabilization of some coupled systems with delay. The proof of the main result uses the method introduced in Ammari and Tucsnak [4] where the exponential stability for the closed loop system is reduced to an observability estimate for the corresponding conservative adjoint system, under a boundedness condition of the transfer function of the associated open loop system. 2010 Mathematics Subject Classification: 93B07, 93C20, 93C25, 93D15, 35A25.
Introduction
In this paper, our purpose is to characterize the output feedback stabilization of coupled second order infinite dimensional systems by only one feedback. Using an output feedback, the closed loop system we treat is the following w 1 (t) + A 1 w 1 (t) + BB * ẇ 1 (t) + Cẇ 2 (t) = 0, t ≥ 0, (1.1) w 2 (t) + A 2 w 2 (t) − C * ẇ 1 (t) = 0, t ≥ 0, ( the output y(t) = −B * ẇ 1 (t), in the case of bounded coupling operators C. In [17] , the author studied also these coupled systems in the case of unbounded coupling operators, consedering bounded operators B. In this paper, we assume that both operators B and C are unbounded, and show the same result as in [6] using different arguments. Here, we transform the system (1. The second aim of this paper is to characterize the exponential energy decay of the following coupled systems with delaÿ w 1 (t) + A 1 w 1 (t) + α 1 BB * ẇ 1 (t) + α 2 BB * ẇ 1 (t − τ ) + Cẇ 2 (t) = 0, t ≥ 0, (1.6) w 2 (t) + A 2 w 2 (t) − C * ẇ The operators A i , i = 1, 2, B, C satisfy the same conditions as above, and α 1 , α 2 are positive constants. The introduction of a delay term in partial differential equations and its effect on the stabilization of these equations were the subjet of several papers, see for instance, [1, 7, 8, 9, 10, 11, 14, 15] , and the references therein. By the same technic as for the first coupled systems, we tranform the system (1.6)-(1.8) to a second order equation with delaÿ w(t) + Aw(t) + α 1 B 0 B * 0ẇ (t) + α 2 B 0 B * 0ẇ (t − τ ) = 0, t ≥ 0, w(0) = w 0 ,ẇ(0) = w 1 ,ẇ 1 (s) = f 0 (s), s ∈ (−τ, 0).
At this level, our results in [1] will allow us to conclude.
We then apply our abstract results to two systems of coupled string equations with delay. The first example is a coupled two string equations with ponctuel control and Dirichlet boundary conditions w 1 (t, x) − ∂ 2 w 1 ∂x 2 (t, x) + α 1ẇ1 (t, ξ)δ ξ + α 2ẇ1 (t − τ, ξ)δ ξ + β ∂ẇ 2 ∂x (t, x) = 0, (t, x) ∈ (0, ∞) × (0, 1),
with ξ ∈ (0, 1), β > 0 and 0 < α 2 < α 1 . We show that this system is not exponentially stable for all ξ ∈ (0, 1) and β > 0, showing that the observability inequality of its conservative adjoint system can not hold. To give a positive application of our abstract results, we consider a coupled two wave equations with ponctuel control and mixed boundary conditions
with ξ ∈ (0, 1), β is a positive constant and 0 < α 2 < α 1 . Using the classical inequality by Ingham [13] for non-harmonic Fourier series, we show that the observability inequality of the conservative adjoint system holds if and only if ξ is a rational number with coprime factorisation ξ = p q , where p is odd. Thus, this is a necessary and sufficient condition for the exponential energy decay of the above system.
Problem formulation
Let H i be a Hilbert space equipped with the norm || · || H i , i = 1, 2 and let
We introduce the scale of Hilbert spaces
The second ingredient needed for our construction is a control operator B such that
where U is another Hilbert space identified with its dual. The operator B * is then bounded from H 1,
Coupled second order systems without delay
Consider the following coupled systems
After studying the well-posedness of the coupled systems (3.20)-(3.22), we give a characterization of its exponential stability.
Well-posedness
Some change of variables, leads to the following result
is a solution of the system
is a solution of (3.23)-(3.25), then (w 1 , w 2 ) defined by
is a solution of (3.20)-(3.22).
Proof. Let (w 1 , w 2 ) be a solution of (3.20)-(3.22). Setting u = w 1 and
where
Together with (3.21), derivation of the equation (3.26) leads to the coupled systems (3.23)-(3.24). The initial data (3.25) follows from (3.26).
By Remark 2.1, P is a bounded and invertible operator from H := H 1,
Using P −1 , the converse in Theorem 3.1 can be similarly proved.
The equivalence of the well-posedness of the systems (3.20)-(3.21) and (3.23)-(3.25) can be proved also by using their corresponding Cauchy problems. Roughly speaking, setting X :=
, the system (3.20)-(3.21) can be transformed in H to the following first order systeṁ
and
The system (3.23)-(3.25) can be written aṡ
For every
To study the well-posedness and exponential stability of both coupled systems, we write the system (3.23)-(3.25), in the product space H := H 1 × H 2 , as the following second order system
To obtain the well-posedness result, we need the following lemma which will be also crucial for the rest of this paper. 
Thus, A is a symmetric positive operator. For every (f, g) ∈ H, the solution (u, v) ∈ D(A) of the system
Thus, the operator A is invertible. Consequently, A is a positive self adjoint operator.
(ii) Let (
Since B * is a bounded operator from H 1,
and thus the operator B * 0 : D(A 1 2 ) −→ U is bounded. The assertion (iii) follows from (ii).
As a consequence of the above lemma we have the following well-posedness result.
Proposition 3.3. Assume that (2.9), (2.10) and (2.11) hold. Then, the system
is well-posed in the energy space D(A 
Remark 3.5. The well-posedness of (3.20)-(3.22) can be also obtained directly by proving that the operator A 1 satisfies the conditions of Lumer-Phillips theorem, see [12] .
Transfer function
To characterize the stabilization of system (3.20)-(3.22) we need the following lemma.
Lemma 3.6. Assume that (2.9), (2.10) and (2.11) hold. Then, the following results hold.
(ii) The function defined by
is the transfer function of both systems (3.20)-(3.21) and (3.34)-(3.35).
, we have
which can be written as
Since Λ is a bilinear coercive form on H 1,
, the Lax-Milgram theorem leads to the existence and uniqueness of the solution x to the equation (3.36), and thus the claim follows.
(ii) We compute first the transfer function of (3.34)-(3.35). Setting Z := Ẇ W , the open loop system associated to (3.34)-(3.35) can be transformed to the following controlled first order system in the energy space
2 ), and B = B 0 0 .
We have
and thus
2 ) −1 B of the system (3.37)-(3.38) is then
Easy computation leads to
, 
Since B * 0 P −1 = B * 0 and P B 0 = B 0 , we have
Stabilization
In order to characterize the stabilization of the coupled systems without delay, we give some energy equivalences.
Proposition 3.7. Assume that (2.9), (2.10), (2.11) and (2.15) hold. Then,
for every solutions (w 1 , w 2 ) and (u, v) of (3.20)-(3.22) and (3.23)-(3.25), respectively.
From this follows immediately the following corollary. 
The system (3.34)-(3.35) is exponentially stable in D(A 
where (φ 1 , ψ 1 ) is a solution of the following system
As a consequence of the above theorem, we have the following result. (ii) There exists a constant c > 0 such that
(iii) There exists a constant c > 0 such that
where (φ, ψ) is a solution of the following conservative adjoint system
Proof. From Corollary 3.8 and Theorem 3.9, the assertion (i) is equivalent to the observability inequality (3.41). To show (3.44) and (3.45), let (φ 1 , ψ 1 ) be a solution of (3.42)-(3.43). Then φ = φ 1 and ψ = A 
Since by (2.15),
2 ), the inequality (3.41) can be written as
which is exactely the inequality (3.44). Now from the assumption H 1, ֒→ D(C * ) follows the inequality (3.45). The converse can be shown in the same way.
Coupled second order systems with delay
Consider in this section the following coupled systems with delaÿ
49)
where τ > 0 is the time delay, α 1 and α 2 are positive real numbers, and the initial data (w 0 1 , w 1 1 , w 0 2 , w 1 2 , f 0 ) belongs to a suitable space. Using the same method as in the coupled systems without delay, the system (4.48)-(4.49) can be transformed to the following onë
2 w 0 2 . This system can be written in the space H = H 1 × H 2 under the following second order system with delaÿ
, s ∈ (−τ, 0), (4.55) with A and B 0 are defined in the previous section. Let E 1,
be the topological supplement of kerB * in H 1, 1 2 and P 2 its associated projection. It is clear that E 1, and the associated projection P 2 is given by P 2 W 0 = P 2 u 0 0 . As in [1] , the second order equation with delay (4.54)-(4.55) can be written as the Cauchy problem˙
) which can be identified with
, z(t, θ) = P 2u (t + θ), θ ∈ (−τ, 0) and
),
Assuming α 2 ≤ α 1 , we introduce in H the new inner product 
where ξ is a constant satisfying
It can be seen easily that H endowed with this inner product is a Hilbert space, and its associated norm is equivalent to the canonical norm of H. Now, we are in the position to use the results in [1] to (4.48)-(4.50), and deduce first its well-posedness. To characterize the stabilization, we introduce the following delay energy functions
Under the assumption (2.15), E d (t) and E d (t) are equivalent.
By our result [1, Theorem 1.1], Theorem 3.10 yields the following main result.
Theorem 4.1. Assume that (2.9), (2.10), (2.11), (2.15) and (3.40) hold and that α 2 < α 1 .
Then the following assertions are equivalent.
1. There are constants ω, C > 0 such that the system (4.48)-(4.50) satisfies the exponential decay
2. There exist T, c > 0 such that
for every solution (φ, ψ) of the conservative adjoint system
Applications

First example : Dirichlet boundary conditions
Consider the following coupled wave equations
with ξ ∈ (0, 1), β > 0 and 0 < α 2 < α 1 . To put this control system into the framework of this paper, consider the spaces
which are obviously self-adjoint positive operators. In this case, the domains of the fractional power operators are given by
The operator B and its adjoint B * are given by
and finally
It is clear that B * : H 1 0 (0, 1) → R is bounded and C * = −β d dx with
Now assume that β < 1, then, with a simple integration by parts, the condition (2.15) is satisfied with constant δ = β 2 . Let us now check the assumption (3.40). Since in this example A 1 = A 2 , we can easily see that
Thus, we have the following decomposition of the transfer function
For every k ∈ R, the function (e r 1 x − e r 2 x ) , x ∈ (0, ξ) e r 1 ξ −e r 2 ξ e −r 2 −e −r 1 e r 1 (x−1) − e r 2 (x−1) , x ∈ (ξ, 1).
Consequently
e r 1 (ξ−1) − e r 2 (ξ−1) e −r 2 − e −r 1 e r 1 ξ − e r 2 ξ and then, for every γ > 0, we have
By similar calculus, we have the boundedness of H 2 , and thus the assumption (3.40) is satisfied Now, consider the conservative adjoint system
Consider the initial conditions as follows
n∈Z * a n cos nβπ
λ n a n cos nβπ
n∈Z * a n sin nβπ
λ n a n sin nβπ
with (λ n a n ) are in l 2 (C), where
, ∀ n ∈ Z * .
By standard technics, we obtain φ(t, x) = n∈Z * a n e λnt cos nβπ
and then, ∂φ ∂t (t, ξ) = n∈Z * λ n a n e λnt cos nβπ β 2 + 4 ξ sin(nπξ). Now, by the Ingham's inequality, for any T > β 2 + 4 we have
which implies (see [4] and [16] for more details), as in [5] for the only one string equation, that the system (5.59)-(5.62) is not exponentially stable in the energy space for all ξ and β.
Second example : mixed boundary conditions
with ξ ∈ (0, 1), β is a positive constant and 0 < α 2 < α 1 .
To put this control system into the framework of this paper, consider the spaces
which are obviously self-adjoint positive operators. In this case, the domain of the fractional power operators are given by
It is clear that B * : H 1 (0, 1) → R is bounded and C * = −β 
Then,
where ψ 1 = φ 1 − φ 2 , ψ 2 = φ 1 + φ 2 satisfy the following equations 
Therefore, (5.85) yields
e −2r 1 (ξ−1) +1 e −r 1 ξ −e r 1 (−ξ+2) e r 1 x − e −2r 2 (ξ−1) +1 e −r 2 ξ −e r 2 (−ξ+2) e r 2 x , x ∈ (0, ξ), e r 1 e −2r 1 (ξ−1) +1 e −r 1 ξ −e r 1 (−ξ+2) + e −r 1 (ξ−1) e r 1 (x−1) − e r 2 e −2r 2 (ξ−1) +1 e −r 2 ξ −e r 2 (−ξ+2) + e −r 2 (ξ−1) e r 2 (x−1) , x ∈ (ξ, 1) and ψ 2 (x) = k r 1 − r 2        e −2r 1 (ξ−1) +1 e −r 1 ξ −e r 1 (−ξ+2) e −r 1 x − e −2r 2 (ξ−1) +1 e −r 2 ξ −e r 2 (−ξ+2) e −r 2 x , x ∈ (0, ξ), e r 1 e −2r 1 (ξ−1) +1 e −r 1 ξ −e r 1 (−ξ+2) + e −r 1 (ξ−1) e −r 1 (x−1) − e r 2 e −2r 2 (ξ−1) +1 e −r 2 ξ −e r 2 (−ξ+2) + e −r 2 (ξ−1) e −r 2 (x−1) , x ∈ (ξ, 1). As r 1 and r 2 behave asymptotically as r 3 := By similar calculus, we have the boundedness of H 2 , and this achieves the claim.
Consider the conservative adjoint system ∂ 2 φ ∂t 2 (t, x) − ∂ 2 φ ∂x 2 (t, x) + φ(t, x) + β ∂ 2 ψ ∂x∂t (t, x) = 0, (t, x) ∈ (0, ∞) × (0, 1), The initial conditions can be written as φ 0 (x) = n∈Z * a n cos(nπx), φ 1 (x) = n∈Z * λ n a n cos(nπx) ψ 0 (x) = n∈Z * a n sin(nπx), ψ 1 (x) = n∈Z * λ n a n sin(nπx) with λ n = i
, n ∈ Z * , and (λ n a n ) ∈ l 2 (C). Hence, by standard technics, we obtain φ(t, x) = n∈Z * a n e λnt cos(nπx), and then ∂φ ∂t (t, ξ) = n∈Z * λ n a n e λnt cos(nπξ). Now, by the Ingham's inequality, for any T >
there is C T,ξ,β > 0 such that Finally, this implies, as in [1, 5] for the only one string equation, that the system is exponentially stable in the energy space if and only if ξ is a rational number with coprime factorisation ξ = p q , where p is odd.
